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iMPROVEDANALYSISOF
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We have reanalyzed the

lhtchler et al. for 160 and

Laboratory

.

small angle elastic scattering data of

estimate that the real part of the forward

amplitude vanishes at Tn = 178 t 4 MeV, a result substantiality higher

in energy than previoudy reported. Our analysis is simpler than the

standard one; we determine the Eethe phase and the real and imaginary

amplitudes directly from the data.

sistent with the theory of West and

repmted.

1. INTROIXICTIW

Our extracted Bethe phase is

Yennie. Results for l*C are

con-

also

In the Coulomb-nuclear interference experiment the angular distri -

bution du/dS’l for

direct ion, where

comparable size.

elastically

the Coulomb

‘l’he object

scattered pions is measured near the forward

and strong .amplitties are expected to be of

of these experiments is to measure che for-

ward scattering amplitude. In this talk we propose a new procedure for

data analysis which is simpler than the conventional one. 1-3 We examine

in som detail the application of the new scheme to the 160 data of

Bkrtchler et al., 3 who provide good

the ngular range 5° s 9 S 11° for

near the (3- 3) resonance.

“r-—
Work performed under the auspices

Ikweloprwnt Administrate ion.

quality angular distributions over

m+ and r- incident at three energies

of the U. S. Energya Research and
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(hm method is based on two propositions. The first is that the

data should be analyzed to extract the forward amplitude fN (0), where

fN[e) is defined in terms of the complete elastic amplitude F(8) and

a Womb anplitude fC(e) by

fN(el = He) - fc(el .
,

This aspect of the analysis scheme is similar to that proposed in

Ref. 4 for analysis of total cross section &ta and should therefore

be reliable even for heavy nuclei and for low-energy incident pions,

where the influence of the Coulomb interaction is very great. All

three of the amplitudes in Eq. (1) depend on the charge of the pion,

and we will often indicate by a superscript + the amplitude for T+

and by - that form-. The analysis fcr $ is examined in detail in

Sec. II.

W second point is that Iomwledge of f~(0) and f~(0) determines

dir=tly the purely strong amplitude fS(O]. hrous theoretical in-

vestigations have been camied out to illuminate the connection between

~ and fS, beginning with BetheS for proton scattering from nuclei and

extending to the present time. Fcr N = Z nuclei, all such theories are

consistent with the follw.ing characterization: the dominant tifluence

of Coulomb !iteraction on the nuclear amplituie is by the relation

(1)

fN(0) “I e‘$ f~(o) , (2)
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where @ is a c~lex ntir satisfying

$=$=-4- ,

and, of course, where isotopic spin invariance implies

fti{8) is independent of charge.

In Sec. III we shall show how to.extract f=(0) and $ frum the

data using only the general properties in

l-3the details of the theories were used

the analysis.

It is not our purpose to justify the

which have been used to analyze the &ta,

qualityof these theories relative to the

is therefore useful

For the analysis of

tering developedby

to obtain expressions

o

@s. (2-4). lnRefs,

as an integral part of

details of the theories

but rather to judge the

experimental results. It

for

Refs. land2, the theory

Nest and Yennic6 was used

the expression for $ is given as

an@itude. West and Yennie show

of the pion and target are to be

doing the integral is

o in the theories.

of pion-nucleon scat-

for $. In this theoxy

an integral over f= and a Couiti
d

how the electromagnetic form factors

taken into account. The result of

$t=$B5
[

yc+log;kz ( )1rS2 + rC(N)2 + rC(w)2 + 200 ,

(3)

(s)
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nhere y is the usual Could parameter,7 00 the 1 m O point Could

phase,+ k is the incident pion mmentm, C is Euler’s constant

(C = O. S772), r~ is an appropriate strong interaction rac’ius for

the nucleus, rc(~) is the nulear charge radius, *id rr(n) is the
.*

pim charge radius. West and Yennie point out that there are (smai 1)

model-dependent corrections to this formla. In Ref. 1 the full ex-

pression (S) was used in the analysis, but in Rcfs. 2 and 3 the eiec-
tranagnetic radii were omitted in this expression. In this theory +

is often called the “Bethe phase.” In the analysis of Ref. 3 a further

modification was made to Eq. (2) according to the thcmy of Fiildt aid

Pilkuhn.8 They write

Uhere

ls”yncr~ .

Acccrding to Rildt and Pilkuhn,8 when 6 +

pion classical trajectory frm a straight

interaction has been taken into account.

O the deviation of the

line due to the Coulomb

*W8 add the term 200 :s the result ofResl

corresponds to our choice of phase in th~

Bq. (lo).

and Yerutie so that Eq. (S)

Cm&x& anplitude. See

(6)

(7)

t

I
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To lowest order in Y* we have

+-g fS [k/(l + 6),0] =
f#c,o)

[ 1
~ 1 - + & fs (k*o)

so as long as Y is smll, Eq. (6) is consistent with Eq. (2) provided

we identify

(9]

71n this work we shall always retain terms correctly to order y.

For the energy range of interest in this work, IYI * 0.!)6 - 0.07

for 160
●
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11. ANALYSISFQR $

In our analysis we “have taken fC(0) to be %e point Coulomb

amplitude’

fc(e) = -tiexp~iy log sinz 10/2 + 2iuo .

Because fC is a point Coulomb amplitude, fN(0) contai~

sam of the short-ranged Coulomb interaction which is conventionally

included in fC(e). To remove thi. from fN(~), it is cmly necessary

to calculate the amplitude 6fC(e),

subtract it from fN(6)

f~(e) : fN(e) - 6fc(e) .

This subtraction may be done conveniently after the proposed analysis.

The quantity f~(tl) is the nuclear amplltude measured relative to the

Could amplitude for an extended charge distribution.

%pation (5) 1s the correct expression for

nmsured relative to the Coulomb amplitude

o provided that

for an extended

fN is

charge

(lo)

(11)

(12)

distribution.
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‘lhe differential scattering cross section is givenby

%
= ]F(6)12

= lfc(o)z + IfN(e)]* + 2 w fc*(e) fN{e) .

Because we are interested in small angles only, we may take

fN(f3) ~ A+ B sin2 e/2 ,

where A and B are complex constants tobe determined froma fit of

m. (13) to the data. Depending on the quality of the data, the

nxleus, energy, etc., fwer or more parameters maybe appropriate.

In any case, the optimum nwber of parameters should be selected

entirely on the basis of a statistical analysis of the &ta. For

the data of Mutchler et al. 5 we have found that fN((l) may be taken

to be constant. + In this cxise we retain only the A-term in Eq. (14)

and find

u(e) - lfc(e)12 = IA12. y~(lle Aces W- ImAsin Wl .

‘This is justified

k sin’ e/2 -
,-

by the results of the standm? .rror analysis. How-

(13)

(14)

ever, ifwe assume fN(e) = fN(0) exp[- r~lt]/6] as inRef. 3, then fN(e)

changes by roughly 10% over the angular nmge 5° <O Silo, which is

comparable to the experiment’-’ emors in % - ]fc(e)lz.
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where

w = y log Sinz e/2 - 2(Y0 .

ReA and Im

‘Ihe results

A were varied to obtain a nrinimun X* fit to the data.

we find are givca in Table I. Note that the X2 per de-

gree of freedom are quite reasonable and average to 0.95, which is

a statistically significant improvement over the analysis of the

same data in Ref. 3, Table 111. It is also significant that errors

on our extracted amplitudes are appreciably less than the errors on

similar quantities found in Ref. 3. Since f~was not the object of,

analysis in Ref. 3, we cannot easily compare results at this stage

of the analysis. The results in Table I are shown graphically in

Figs. 1 and 2. Figure 1 shows Re <(0) and the best-fit straight

lines to the data.

the same to within

fit to the &ta.

Figure 2 shows Im f~(0) and Iin f~(0), which are

statistics. The tune in Fig. 2 is an eyeball

(16)
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111. ANALYSIS1% fs and $*

In car to extract the conventional Bethe phase we Wt tie

a ~axrect ion for the charge form factor. In the Born approximation

we easily find an expression for &fc (0], defined in Eq. (11)

2
is the sun of the squares of the root-man-square charge“here ‘c

radii for the ~JiCWI and nucleus,

rc2 = YC(N)2+ rC(n) 2
.

?f we go beyond the Bom approxinat ion, then there are small conec -

ticms to Eq. (17) (of order Y*). ~k correction 6fC(0) should not

contain the singular phase exp i[y log sin2 0/2] found in Eq. [3)

of Ref. 3.+ We thus have fr’n Eq. (12)

,.
y ~. rC2...

ffi(o) = fN(o) - -‘~

[1r2-f:, to) exp +! &m

fire w have consistently retained

E

terms only through order y.

(17)

(18)

(19a)

(19b)

‘lhis is one of two emors made in Ref. 3 in the Coulunb amplitude [see

their Eq. (13)]. The other is in making the F41dt and Pilkuhn comection

in the (h.ilti term. me long-range (small t) behavior of the ~ulcmb

an~li tude is knwn exactly fromgauee invariance and mst go like

Ifcl —.- 21q/t, m+ 2krl(l + 6)/t.
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We

It

nm have from Eqs. (2 and 19b)

[1yk =C2fN(0) = fS(0) e.xp i @ - i 3-W “

follows from Eq. (20) and Eqs. (3 and 4) that

o yk *C2 .=- i log f~(0)/fS(()) + i ~ ~’@j

Table II shows the extracted values of fS (0), obtained from Eq.

(21a), X s
(+)

- i log fN /f~(0), and the values of @calculated frcm

Eq. (21b) with rC(N) = 2.71 fm and

show Re fS(O] and Im fS(0) (curves

to the curves for % ~ and Im ~.

rC(r) = 0.8 fm. Figures 1 and 2

S) which are calculated from fits

We estimate that the resonance,

defined

178 f 4

We

as the point where Re fS(0) crosses zero, lies at T~ =

MN.

show in Table 111 the values of @Bcalc~lated from the ex-

pressions in Eqfi. (5 and!l). The values predicted by the West and

Yennie theory are in very good agreement with experiment. Note that

the additionof the term 2U0 inEq. (5) reduces the size of the Bethe

phase substantially. The percentage disagreement between theo~ and

experiment is somwhat smaller when the original definition of OB is

used . Table III also shows the prediction of the ‘Aeory of Faldt and

(20)

(21aj

(21b]
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Pilkuhn. We have used the West and Yennie

4. (9). i ...- L---- .--, .-A . m. --------we nave esrumarea [Dy nunerlcal

the fits

i6

and find

piece of

posit ive

result for $B in

differentiation of

to the &ta) the correction term ofEq. (9),

that the tem i6 tends to cancel against the imaginary

the second term in Eq. (22). The real part of Eq. (22) is

and roughly equal to 6 in magnitude. It is therefore about

a 10% cormcticm to Eq. (5). The conection of Faldt and Pillchn

inqmoves smewhat the theoretical prediction at the higher energy

but slightly worsens the result at the liner energies.

[22)

‘We are toldby G. West that this may involve sane double counting.
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lV. ANALYSISOF l*C DATA

We have also analyzed the 12C data of Binonl and ~tchler et al. z

We analyzed data on che angular range 5° se s 11° only, in order to

justify taking the nuclear amplitude to be constant; there are some

inconsistencies in our results which may be due in part to this

truncation of the data. The X2 are generally poorer than for 160

(average X2/N = 1.62). Because the data points were taken over widely

spaced energy intervals, we cannot determine the position of

nance with as much confidence. We find

% = 170 ~ N Mev .

For the purpose of determining the resonance position, it is

to make measurenlents spaced closer in energy to the expected

Re fS so that straight line fits to ~(0) may be expected to

approximations.

the reso-

u5eflL

zero of

be good

(23)
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V. DISCUSSION

In the analysis of Ref. 3 the ck~ta was analyzed in several

different ways. In each scheme the amplitude fS(t) was taken to

have an exponential dependence on t with a rate of

to the charge radius of the nucleus. The integral

Bethe phase was used. The total cross section was

fall-off related

formulation of the

measured in a

separate experiment and used to fix Im fS(0) via the optical theorem.

In the first scheme the data for n+ and IT- were separately analyzed.

The analysis incoqmrated Eq. (2), with the expression for $B taken from

tie paper by West and Yennie,6 Eq. [5.1). The adjustable parameter for

each set of &tawas Re fS(0), yielding a value for Re f; and Re f;.

The result of this analysis was that f; + f;, a contradiction. The

conclusion of the analysis was that there were experimental inadequacies

in the &ta, and so a second analysis scheme was undertaken in which the

difference u+(0) - u-(e) was analyzed. It was the analysis in terms of——

the difference which shifted the resonance to 162 t 3MeV. Although the

theory is in qualitative. agreement with the data, it is not in quantita-

tive agreement with the charge independence of fS. We note here tht

the charge dependence of fS in the analysis of Ref. 3 can be explained

x due to an incorrect choice for qB: we have already remarked that

3 did not t~ke account Gr lhethe expression used by~tchler et al.

electromagnetic form factors

West and Yennie.We believe

in part for the disagreement

the resonance.

according to Eq. (30) of the paper by

that this incorrect

between our results

value of $B accounts

for the positionof
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In our analysis we have turned the problem aro~md. We analyze

both T+ and m- data together and thereby are able to extract @Band

fS(O] without having to assune any form for fS(t). Wewere surprised to

see the accuracy to which these experiments determine the total cross section.

‘lhe extracted value of fS(0) is not subject to imperfections of any

mdel of the strong interaction; the extracted value of $Bmaybe used

to test the theory of uc Bethe phase. As far as we know the limit of

validity of the Bethe phaw has not been set experimentally; we feel

that one should be especially cautious of the theory for high-Z targets

and low-energy projectiles. We hope that the methods we have developed

will stimulate more theoretical work on the relation between the strong

and Ckwlti amplitudes.

We thank several members of the Rice group for useful discussions

and for pointing out a numerical error in a preliminary calculation.

We also thank the Rice group for providing their data for l*C lr+

scattering.
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FIQJRE CAF’IXNS

Fig. 1. Values for Re f~(0) (cume N) and Re fS(0) (cu~e S).

Fig. 2. Values for Im f~(0) (cume N) and Im fS(0) (curve S).
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TABLEI

——

Tn (l&V)

x2/N
ReA (fro)

6Re A(fm)

Inl A (fi)

6 ImA (fro)

ANALYSISOF 16

+
lr

1s9 185 213

1,19 0.7s 1.53

-0.49 -1.28 -2.80

~om31 *0.24 ?0.3s

8.09 8.71 8.18

to. 22 kO.18 *O. 33

LNTAa

u-

1ss 180 213

1.04 0.53 0.68

1.69 0.91 0.62

to.37 M). 31 tO.23

7.83 a.40 8.40

*0.34 ton ko.14

qm is the laboratory kinetic energy of the pion; A is fN(O] in

the laboratory frame.



TABLEII

EXTMIED VALUESOF fSAJOIBEI1-lE FTL45E

Tn k! f~(o) h f~(o) Ref Im ~ w @B h @B

160 0.54 8.16 0.12 0.0074 0.1.4 0.0087

170 0.22 8.41 0.13 0.0036 0.1s 0.0045

180 -0.04 8.s7 0.14 -0.001 0.16 -0.0011

190 -0.34 8.72 0.15 -0.006 0.18 -0.0075

200 -0.64 8.71 0.16 -0.011 0.19 -0.0145

210 -0.90 8.54 0.17 -0.018 0.20 -0.0220

% = -i log f~(0)/fS(0)
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TABLE111

034PARISCNOF EXPERIMQ’T.4LANDTllEORETICALVALUESOF Bl?IHEPHASE

T=
---

~ (F-P)

160 0.15 0.17 0.14\

170 0.16 0.18 0.15

180 0.16 0.18 0.16

190 0.16 0.18 0.18

200 0.17 0.19 0.19

210 0.17
.

0.18 0.20


